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I. Introduction
The integrable coupled nonlinear Schro¨dinger equation of Manakov type
is widely used in recent developments in the field of optical solitons in fibers.
The use and applications of the equation is to explain how the solitons waves
transmit in optical fiber, what happens when the interaction among optical
solitons influences directly the capacity and quality of communication and
so on.1−4
Some of exact solutions have been derived for the system related to the
Manakov type equation with various methods.5−10 Here, we will investigate
the general solution of the following equation which is closely related to the
Manakov type equation:
iq1x +
(α + δ)
α (α− δ)
q1tt + 2µ
(
|q1|
2 + |q2|
2
)
q1 = 0
iq2x +
(α + δ)
α (α− δ)
q2tt + 2µ
(
|q1|
2 + |q2|
2
)
q2 = 0, (1.1)
where q1 and q2 are slowly varying envelopes of the two interacting optical
modes, the variables x and t are the normalized distance and time, and α
and δ are arbitrary real values which obey α 6= δ and α 6= −δ. On the other
hand, parameter µ is defined as follows
µ = ±
α2 − δ2
α2δ
, (1.2)
which is confirmed in section II.
Recently, in Ref.11, Radhakrishnan and Lakshmanan have derived the
bright and dark multi-soliton solution of the related system in eq.(1.1) us-
ing Hirota method. However in this paper, we will investigate and provide
another method to solve the related problem using Zakharov-Shabat inverse
scattering method. We show that it is possible when the Zakharov-Shabat
(ZS) scheme (in its final form) is expressed solely in terms of certain opera-
tors. Based on the choice of the operator, we find that there is a multi-soliton
solution of eq.(1.1). We also find that there is an elastic and inelastic collision
of the bright and dark multi-soliton.
This paper is organized as follows. In section II, we will perform the ZS
scheme for eq.(1.1) and the arbitrary real parameter µ (eq.(1.2)). In section
III, we will solve the bright and dark multi-soliton solution. We will compare
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the bright one and two soliton solution with the results in Ref.8 and Ref.10.
Section IV is devoted for discussions and conclusions. In this section, we also
state that there must be an integrable vector NLS system.
II. ZS Scheme for the Integrable Coupled NLS Equa-
tion of Manakov Type
We start by choosing the following two operators related to Zakharov-
Shabat (ZS) scheme
∆
(1)
0 = I
(
iα
∂
∂x
−
∂2
∂t2
)
, (2.1a)
and
∆
(2)
0 =

 α 0 00 β 0
0 0 γ

 ∂
∂t
, (2.1b)
where α, β and γ are arbitrary real values, and I is the 3x3 unit matrix.
We can then define the following operators by using this scheme related to
inverse scattering techniques12−14
∆(1) = ∆
(1)
0 + U (t, x) , (2.2a)
and
∆(2) = ∆
(2)
0 + V (t, x) . (2.2b)
Here operators ∆(i),(i=1, 2) satisfy the following equation
∆(i) (I + Φ+) = (I + Φ+)∆
(i)
0 , (2.3)
where the Volterra integral operators Φ± (ψ) are defined according to equa-
tion
Φ± (ψ) =
∞∫
−∞
k± (t, z)ψ (z) dz. (2.4)
We now suppose that operatorsΦF (ψ) and Φ± (ψ) are related to the fol-
lowing operator identity
(I + Φ+) (I + ΦF ) = (I + Φ−) , (2.5)
3
where the integral operator ΦF (ψ) is
ΦF (ψ) =
∞∫
−∞
F (t, z)ψ (z) dz. (2.6)
Both k+ and F in eq.(2.4) and (2.6) are the 3x3 matrices chosen as follows
k+ =

 a (t, z; x) q1 (t, z; x) q2 (t, z; x)±q∗1 (t, z; x) d (t, z; x) e (t, z; x)
±q∗2 (t, z; x) f (t, z; x) g (t, z; x)

 , (2.7a)
and
F =


0 An (t, z; x) Bn (t, z; x)
A∗n (t, z; x) 0 0
B∗n (t, z; x) 0 0

 . (2.7b)
Here a, q1, q2, ±q
∗
1 , ±q
∗
2 , d, e, f , g, An, A
∗
n, Bn and B
∗
n are parameters which
will be calculated in section III.
In eq.(2.5), we have assumed that (I + Φ+) is invertible, then
(I + ΦF ) = (I + Φ+)
−1 (I + Φ−) , (2.8)
so that operator (I + ΦF ) is factorisable. From eq.(2.5), we derive Marchenko
matrix equations,
k+ (t, z; x) + F (t, z; x) +
∞∫
t
k+ (t, t
′; x)F (t′, z; x) dt′ = 0, for z > t ,
(2.9a)
and
k− (t, z; x) = F (t, z; x) +
∞∫
t
k+ (t, t
′; x)F (t′, z; x) dt′ , for z < t. (2.9b)
In eq.(2.9b), k− is obviously defined in terms of k+ andF . Both eq.(2.9a) and
(2.9b) require F , and F is supplied by the solution of equations :[
∆
(1)
0 ,ΦF
]
= 0, (2.10a)
and [
∆
(2)
0 ,ΦF
]
= 0. (2.10b)
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After a little algebraic manipulation, we get
iαFx + Fzz − Ftt = 0, (2.11a)
and 
 α 0 00 β 0
0 0 γ

Ft + Fz

 α 0 00 β 0
0 0 γ

 = 0, (2.11b)
where Ft ≡
∂F
∂t
, Fz ≡
∂F
∂z
, etc.
U (t, x) and V (t, x) can be found by solving eq.(2.3) in which we have
substituted eq.(2.7a) and (2.4) (for k+) to that equation:
V (t, x) =

 0 (α− β) q1 (α− γ) q2± (β − α) q∗1 0 (β − γ) e
± (γ − α) q∗2 (γ − β) f 0

 , (2.12a)
and
U (t, x) = −2k+t = −2


at q1t q2t
±q∗1t dt et
±q∗2t ft gt

 . (2.12b)
Based on the solution of equation ∆(2) (I + Φ+) = (I + Φ+)∆
(2)
0 , we get
that k+ (t, z; x) must obey the following equation:


α 0 0
0 β 0
0 0 γ

 k+t+ k+z


α 0 0
0 β 0
0 0 γ


+

 0 (α− β) q1 (α− γ) q2± (β − α) q∗1 0 (β − γ) e
± (γ − α) q∗2 (γ − β) f 0

 k+ = 0 (2.13)
and if we evaluate this eq.(2.13) on z = t, we find
at = ∓
1
α
[
(α− β) | q1 |
2 + (α− γ) |q2|
2
]
, (2.14a)
dt = −
1
β
[
(β − γ) ef ± (β − α) |q1|
2
]
, (2.14b)
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et = −
1
β
[(β − γ) eg ± (β − α) q∗1q2] , (2.14c)
ft = −
1
γ
[(γ − β) fd± (γ − α) q∗2q1] , (2.14d)
gt = −
1
γ
[
(γ − β) ef ± (γ − α) |q2|
2
]
. (2.14e)
After substituting the above equations into eq.(2.12b) and eq.(2.2a),we find
the following equation
∆(1) = I
(
iα
∂
∂x
−
∂2
∂t2
)
− 2


at q1t q2t
±q∗1t dt et
±q∗2t ft gt

 . (2.15)
On the other hand, by substituting eq.(2.12a) into eq. (2.2b), we get
∆(2) =


α 0 0
0 β 0
0 0 γ

 ∂
∂t
+


0 (α− β) q1 (α− γ) q2
± (β − α) q∗1 0 (β − γ) e
± (γ − α) q∗2 (γ − β) f 0

 .
(2.16)
Since ∆(1) commutes with ∆(2) ,
iq1x +
(α + β)
α (α− β)
q1tt ± 2
(
1
α (α− β)
)([
θ1 | q1 |
2 +θ2 |q2|
2
]
q1 +Q1
)
= 0
iq2x +
(α + β)
α (α− β)
q2tt ± 2
(
1
α (α− β)
)([
θ3 | q1 |
2 +θ4 |q2|
2
]
q2 +Q2
)
= 0,
(2.17a)
and its complex conjugate
−iq∗1x +
(α + β)
α (α− β)
q∗1tt ±
2
α (α− β)
([
θ5 | q1 |
2 +θ6 |q2|
2
]
q∗1 +Q
∗
1
)
= 0
−iq∗2x +
(α + β)
α (α− β)
q∗2tt ±
2
α (α− β)
([
θ7 | q1 |
2 +θ8 |q2|
2
]
q∗2 +Q
∗
2
)
= 0,
(2.17b)
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where
θ1 = θ5 =
1
αβ
[
(α + β) (α− β)2
]
, (2.18a)
θ2 =
1
αγ
[
γ (α− β) (α− γ) + α (α− γ)2
]
, (2.18b)
θ3 =
1
αβ
[
β (α− β) (α− γ) + α (α− β)2
]
, (2.18c)
θ4 = θ8 =
1
αγ
[
(α + γ) (α− γ)2
]
, (2.18d)
θ6 =
1
αβ
[(α + β) (α− β) (α− γ)] , (2.18e)
θ7 =
1
αγ
[(α + γ) (α− β) (α− γ)] , (2.18f)
Q1 =
[
(α− β) (β − γ)
β
efq1 + (γ − β) fq2t −
(α− γ) (γ − β)
γ
fdq2
]
,
(2.18g)
Q2 =
[
(α− γ) (γ − β)
γ
efq2 + (β − γ) eq1t −
(α− β) (β − γ)
β
egq1
]
,
(2.18h)
e = f ∗ and d =
γ
β
g∗. (2.18i)
If we put parameters β = γ = δ (where δ is an arbitrary real parameter) into
the above equations and then substitute the results into eq.(2.17a) and (2.17b),
we find
iq1x +
(α + δ)
α (α− δ)
q1tt + 2µ
[
| q1 |
2 + |q2|
2
]
q1 = 0
i q2x +
(α + δ)
α (α− δ)
q2tt + 2µ
[
| q1 |
2 + |q2|
2
]
q2 = 0, (2.19a)
and its complex conjugate
− iq∗1x +
(α + δ)
α (α− δ)
q∗1tt + 2µ
[
|q1|
2 + |q2|
2
]
q∗1 = 0
−iq∗2x +
(α + δ)
α (α− δ)
q∗2tt + 2µ
[
|q1|
2 + |q2|
2
]
q∗2 = 0. (2.19b)
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Here parameter µ is an arbitrary real value which has been defined in eq.(1.2).
It is obvious that eq.(2.19a) and (2.19b) are the general form of the integrable
coupled nonlinear Schro¨dinger equation of Manakov type (eq.(1.1)) and its
complex conjugate.We note that the functions Q1 and Q2 in eq.(2.17a) and
its complex conjugates in eq.(2.17b) are the perturbative terms (inhomoge-
neous terms) for arbitrary α, β and γ.
III. The Bright and Dark Multi-Soliton Solution
We consider a general matrix function F in eq.(2.7b) and substitute it into
eq.(2.11a), we find four differential equations
iαAnx + Anzz − Antt = 0, (3.1a)
iαBnx +Bnzz − Bntt = 0, (3.1b)
iαA∗nx + A
∗
nzz − A
∗
ntt = 0, (3.1c)
iαB∗nx + B
∗
nzz − B
∗
ntt = 0 . (3.1d)
The solution of the above equations can be derived by using separable vari-
able method. We then find
An (t, z; x) =
N∑
n=1
An0e
−αρnz
[
eρn(δt+iρn(α
2
−δ2)x)
]
, (3.2a)
Bn (t, z; x) =
N∑
n=1
Bn0e
−αρnz
[
eρn(δt+iρn(α
2
−δ2)x)
]
, (3.2b)
A∗n (t, z; x) =
N∑
n=1
A∗n0e
−δσnz
[
eσn(αt+iσn(δ
2
−α2)x)
]
, (3.2c)
B∗n (t, z; x) =
N∑
n=1
B∗n0e
−δσnz
[
eσn(αt+iσn(δ
2
−α2)x)
]
, (3.2d)
where An0 , A
∗
n0
, Bn0 andB
∗
n0
are arbitrary complex parameters.
To get the final solution of the integrable coupled NLS equation of
Manakov type, we have to substitute the equations (2.7b), (3.2a), (3.2b),
(3.2c) and (3.2d) into Marchenko matrix equation (eq.(2.9a)). We get (for
a, q1, and q2)
8
a = −
N∑
n=1
∞∫
t
q1A
∗
n0
ei
σ2n
α (δ
2
−α2)xe−δσnzeασnt
′
dt′
−
N∑
n=1
∞∫
t
q2B
∗
n0
ei
σ2n
α (δ
2
−α2)xe−δσnzeασnt
′
dt′, (3.3a)
q1 = −
N∑
n=1
(
e−αρnzAn0
)
eδρntei
ρ2n
α (α2−δ
2)x
−
N∑
n=1
(An0)
∞∫
t
a (t, z; x) ei
ρ2n
α (α
2−δ2)x e−αρnzeδρnt
′
dt′ , (3.3b)
and
q2 = −
N∑
n=1
(
e−αρnzBn0
)
eδρntei
ρ2n
α (α2−δ
2)x
−
N∑
n=1
(Bn0)
∞∫
t
a (t, z; x) ei
ρ2n
α (α
2
−δ2)xe−αρnzeδρnt
′
dt′. (3.3c)
The final solution is work on z = t. Hence, by substituting eq.(3.3a) to
eq.(3.3b) and eq.(3.3c) we find the solution (for n = 1, 2, ..., N):
q1 =
−An0 e
ρn(δ−α)te−i
ρ2n
α (δ
2
−α2)x
1 +

 µ
(
|An0 |
2
+|Bn0 |
2
)
((
α2−δ2
α
)1/2
(ρn−σn)
)2

 eρn(δ−α)t−i ρ
2
n
α (δ
2
−α2)xe−σn(δ−α)t+i
σ2n
α (δ
2
−α2)x
,
(3.4a)
and
q2 =
−Bn0e
ρn(δ−α)te−i
ρ2n
α (δ
2
−α2)x
1 +

 µ
(
|An0 |
2
+|Bn0 |
2
)
((
α2−δ2
α
)1/2
(ρn−σn)
)2

 eρn(δ−α)t−i ρ
2
n
α (δ
2
−α2)xe−σn(δ−α)t+i
σ2n
α (δ
2
−α2)x
.
(3.4b)
We define
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ηn = kn (t+ iknξx) , (3.5a)
and
η∗n = k
∗
n (t− ik
∗
nξx) , (3.5b)
where
kn = (δ − α) ρn , (3.5c)
k∗n = − (δ − α) σn , (3.5d)
τ =
(
α2 − δ2
α
)1/2 (
1
δ − α
)
, (3.5e)
and
ξ =
(
α2 − δ2
)
α (δ − α)2
. (3.5f)
Here ρn and σn are arbitrary complex parameters and ρ
∗
n = −σn.
Now q1 and q2 can be rewritten as
q1 =
N∑
n=1
−An0 e
ηn
1 + eRn+ ηn+ η∗n
, (3.6a)
and
q2 =
N∑
n=1
−Bn0 e
ηn
1 + eRn + ηn+ η∗n
, (3.6b)
where
eRn =
µ
(
|An0 |
2 + |Bn0 |
2
)
(τkn + τk∗n)
2 . (3.7)
Based on our solution in eq.(3.6a) and (3.6b), we can see that our results are
the bright and dark multi-soliton solution since µ = ±α
2
−δ2
α2δ
.The results of
q1and q2 show that there are an collision of the bright and dark multi-soliton.
If we choose parameter
((
(α+δ)
α(α−δ)
)
µ
)
> 0 then we get the bright N -soliton
solution. On the other hand, the dark N -soliton solution is found when((
(α+δ)
α(α−δ)
)
µ
)
< 0 . In the equations, there are only four arbitrary complex
parametersAn0 , Bn0, ρn and σn which can directly influence the phase of
the solitons interaction. The results of q1 and q2 can also be rewritten in the
10
more conventional form by introducing ρn = ln + iλn (where ln and λn are
arbitrary real parameters),
q1 =
N∑
n=1

 −
(
α2−δ2
α
)1/2
lnAn0√
µ
(
|An0 |
2
+|Bn0 |
2
)

 exp
(
i (δ − α)
[
λnt + ξ (δ − α)
(
l2n − λ
2
n
)
x
])
cosh [(δ − α) ln (t− 2ξ (δ − α)λnx ) + ϕn]
,
(3.8)
and
q2 =
N∑
n=1

 −
(
α2−δ2
α
)1/2
lnBn0√
µ
(
|An0 |
2
+|Bn0 |
2
)

 exp
(
i (δ − α)
[
λnt + ξ (δ − α)
(
l2n − λ
2
n
)
x
])
cosh [(δ − α) ln (t − 2ξ (δ − α) λnx ) + ϕn]
,
(3.9)
where ϕn is a real multi-soliton phase,
ϕn =
1
2
Rn, (3.10)
and the amplitudes of the multi-soliton are
Amp1 = −
(
α2−δ2
α
)1/2
lnAn0√
µ
(
|An0|
2 + |Bn0 |
2
) , (3.11a)
and
Amp2 = −
(
α2−δ2
α
)1/2
lnBn0√
µ
(
|An0|
2 + |Bn0 |
2
) . (3.11b)
Parameter λn contributes to the velocities of the multi-soliton.
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The results derived above have contributed on the obtaining a general
form of an exact real parameter µ and have also shown that there is a general
multi-soliton solution of the integrable coupled NLS eq. of Manakov type
(eq.(1.1)).
Based on our results in eq.(3.6a) and (3.6b), the bright N -solitons so-
lution (for
((
(α+δ)
α(α−δ)
)
µ
)
> 0) can be reduced to the bright one and two
11
soliton solutions related to that in the works that have been done before
by Radhakrishnan, et. al. using Hirota method in Ref.10. According to
the comparison of both methods, their results of the bright one soliton solu-
tion is equal to our resultswhenα eη
(0)
1 = −A10 , βe
η
(0)
1 = −B10 ,
(α+δ)
α(α−δ)
= 1,
ξ = 1, τ = 1, k1 = (δ − α) (l1 + iλ1),µ = +
α2−δ2
α2δ
and (| α |2 + | β |2) =(
|A10 |
2 + |B10 |
2
)
. On the other hand, their results of the inelastic collision of
the bright two soliton can be reduced to our elastic collision of the solution
if we put α1 : α2 = β1 : β2 in their result.
We can also compare our results with the results in Ref.8. We find that
our result and the Shchesnovich result are the same when χ = 1
2
, 2µ = 1, x =
z, t = τ , n = 1 and |θ1|
2 + |θ2|
2 = |A10 |
2 + |B10 |
2 = 1. So, we can generalize
that our result is the solution of the bright and dark multi-soliton collisions.
IV. Discussions and Conclusions
We have presented a general form of the bright and dark multi-soliton
solution of the integrable coupled NLS equation of Manakov type using the
inverse scattering Zakharov-Shabat scheme.We can conclude that the solu-
tion of the Manakov type can be solved by using an expanded inverse scat-
tering Zakharov-Shabat scheme in which we have chosen a certain operator
in eq.(2.1), and a certain k+ (eq.(2.7a)) and F (eq.(2.7b)) in our solution.
Finally, we find the novel result provided in Ref.9 and the results of the
use of Hirota method in Ref.10 and Rev.11 that the solution in eq.(3.6a) and
(3.6b) corresponds to an elastic collision of the bright and dark multi-soliton,
as long as A10 : A20 : ... : AN0 is equal to B10 : B20 : ... : BN0 . If in our
results, A10 : A20 : ... : AN0 6= B10 : B20 : ... : BN0 , then we get an inelastic
collision of the bright and dark multi-solitons. From the eq.(3.8) and eq.(3.9),
we can also conclude that although the collision between the bright and dark
multi-solitons their velocities and amplitudes or intensities do not change,
their phases do change.
According to the comparison between our bright one and two soliton so-
lution of the integrable coupled NLS equation of Manakov type and the
solution provided by Radhakrishnan,R., et.al., we get that their inelas-
tic collision of the bright two-soliton solution can be our elastic collision so-
lution, if some certain parameters in the results are omitted by putting
α1 : α2 = β1 : β2. In our results, the parameter exp
(
η
(0)
j
)
appeared in Ref.10
12
has been absorbed into An0 and Bn0 . Based on our results, we propose that
there must be an integrable m-tupled (vector) multi-solitons solution of the
following equation:4,16,17
(
i
∂
∂x
+ χ
∂2
∂t2
+ 2µ
m∑
b=1
|qb|
2
)
qc = 0, c = 1, 2, ..., m,
where χ andµ are arbitrary real parameters. We also propose that there
must be an elastic and inelastic collision of the bright and dark multi-soliton
in this system.17
ACKNOWLEDGEMENTS
Both authors would like to thank H.J.Wospakrik for useful discussions.
We also thank Yu. S. Kivshar and N.N. Akhmediev (Optical Sciences Centre,
The Institute for Advanced Studies, The Australian National University) for
their information and suggestions. We also would like to thank P. Silaban for
his encouragements. The work of F.Z. is supported by the Hibah Bersaing
VII/1, 1998-1999, DIKTI, Republic of Indonesia.The work of H.E. is partially
supported by CIDA - EIUDP, Republic of Indonesia.
13
References
1M. Remoissenet, Waves Called Solitons; Concepts and Experiments,
Springer-Verlag, Berlin, and references therein (1994).
2R. Radhakrishnan and M. Lakshmanan, J. Phys. A 28, 2683 (1995).
3R. Radhakrishnan, M. Lakshmanan, and J. Hietarinta, Phys. Rev. E.56,
2213 (1997).
4N.N. Akhmediev, W. Kro´likowski, and A.W. Snyder, Phys. Rev. Lett. 81,
4632-4633 (1998).
5A.P. Seppard and Yu. S. Kivshar, Phys. Rev. E. 55, 4773-4782 (1997).
6F.P. Zen and H.I. Elim, Soliton Solution of the Integrable Coupled Nonlinear
Schro¨dinger Equation of Manakov Type, hep-th/9812215.
7V.S. Shchesnovich, and E.V. Doktorov, Phys. Rev. E. 55,7626 (1997).
8V. Shchesnovich, Polarization Scattering by Soliton-Soliton Collisions, solv-
int/ 9712020.
9H.J.S. Dorren, On the Integrability of Nonlinear Partial Differential Equa-
tions, solv-int/9807007.
10R. Radhakrishnan, M. Lakshmanan, and J. Hietarinta, Inelastic Colli-
sion and Switching of Coupled Bright Solitons in Optical Fibers, solv-
int/9703008.
11R. Radhakrishnan and M. Lakshmanan, J. Phys. A 28, 2683 (1995).
12M.J. Ablowitz and H. Segur, Solitons and the inverse scattering transform,
SIAMstudies in appliedmathematics, Philadelpia, p.p.228-230 (1981).
13P.G. Drazin and R.S. Johnson, Solitons: an Introduction, Cambridge Uni-
versity Press, Cambridge, p.p.144-160 (1992).
14R.K. Bullough and P.J. Caudrey, Topics in Current Physics, Springer-
Verlag, Berlin, p.p.253-268.
15N.N. Akhmediev and A. Ankiewicz, 1997, Solitons; Nonlinear Pulses and
Beams, Chapman & Hall, London, p.p.66-70 (1980).
14
16L.D. Faddeev and L.A. Takhtajan, (1987), Hamiltonian Methods in the
Theory of Solitons, Springer-Verlag, London, p.288.
17F.P. Zen and H.I. Elim, in preparation.
15
